The initial-boundary value problem on the half-line R+ = (0, oo) for a system of barotropic viscous flow vt -ux = 0, ut + p(v)x = n{y^)x is investigated, where the pressure p(v) = v~y (7 > 1) for the specific volume v > 0. Note that the boundary value at x = 0 is given only for the velocity u, say u_, and that the initial data (vq,ilq)(x) have the constant states (u+,w+) at x = +00 with vq(x) > 0, v+ > 0. If < u+, then there is a unique i>_ such that (f+,u+) G (the 2-rarefaction curve) and hence there exists the 2-rarefaction wave uf)(x/t) connecting (u_,u_) with (v+,u+). Our assertion is that, if w_ < u+, then there exists a global solution (v,u)(t,x) in C°([0,00); Jcf1(R+)), which tends to the 2-rarefaction wave (v?,u §)(x/t) I x>o as t ->■ 00 in the maximum norm, with no smallness condition on |u+ -U-1 and ||(«o -v+,uq -u+) ||//1) nor restriction on 7 (> 1). A similar result to the corresponding Cauchy problem is also obtained. 
Introduction.
We consider the initial-boundary value problem on R+ = (0, oo) for a system of the barotropic viscous flow in the Lagrangean coordinate:
vt-ux= 0, (t, The initial data is assumed to tend to the constant state as x -> +oo:
lim (vo,uq)(x) = (u+,ti+), v+ > 0. is also assumed. Note that the boundary condition is posed only on u. Our main concern is to investigate the large-time behavior of the solution (v,u)(t,x) of (1.1) when U-< u+.
(1.5)
When u+ < u-= 0, see Matsumura and Mei [6] . Here we note that the condition u_ = 0 is not necessarily assumed. However, from the physical background of our problem we have u_ = 0 in mind, which means the one-dimensional viscous flow with fixed boundary at x = 0 in the Eulerian coordinate. For the problem of a single equation in the quarter plane in (x, t), see [3] , [4] , [5] and the references therein. To state our result, we now mention the corresponding Riemann problem on R = (-00,00) for given constant states (u±,u±), v± > 0:
Vt -ux = 0, (t, x) e R+ x R, ut +p(v)x = 0, I (v-,u-)
x < 0 I(d+,u+) x > 0 (v,u)(0,x) = {vg,uft) (x) As is well known, if (v+,u+) £ Ri(v-,U-) (resp. Si(v-,U-)) for i = 1,2, then (1.6) admits a weak entropy solution (v^,u^)(x/t) called the i-rarefaction wave (resp. (vf, uf)(x -s^) is called the i-shock wave), where for a suitable neighborhood w of
with the Rankine-Hugoniot conditions -Si(v+ -t>_) -(u+ -u_) = 0, -Si(u+ -u_) + P(v+) -p{v-) = 0.
Since there is a boundary at x = 0 in our problem, the backward flow reflects at the boundary and the total flow is eventually expected to move forward and behave as the 2-rarefaction wave for large time because u+ > u_. Thus, we reach the conjecture that the solution (v,u) of (1.1) behaves as ('V2R,U?)(x/t) := (v?){x/t)\x>o, (1.8) where (V2,u,2)(x/t) is the 2-rarefaction wave connecting two constant states (v_,m_) to (v+,u+), with v_ (> 0) uniquely determined by (v+,u+) 6 i?2(^_,M-) for given constants v+ (> 0) and u±.
(1.9)
For simplicity we call (1.8) the "rarefaction wave". Recently, the stability of the weak rarefaction wave (V^, U^)(x/t) has been shown by Pan, Liu, and Nishihara [9] . Our purpose is to show the large-time behavior of the solution (v,u) of (1.1) without restrictions on \u+ -U-\, ||uo -v+,Uo -w+||#i(R+), and 7 (> 1)-Theorem 1.1. For given constants u+,u± satisfying (1.5), suppose that (u0 -v+,uqu+) € H1(R+) with (1.4). Then there exists a unique global solution (v,u)(t,x) of (1.1)
in C°([0, oo); i?1(R+)) that satisfies sup \(v -V^,u -U^)(t,x)\ -> 0 as t -> oo, (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) R+ where (V^, is given by (1.8) and (1.9).
We now mention the corresponding Cauchy problem for given constant states (v±,u±),
Here we assume that
and there exists a unique state (v,u) € such that (v+,u+) € R. 2(v,u) , and that the Riemann problem (1.6) admits a rarefaction wave connecting (v-,u_) with (u+,u+):
(vR, uR){x/t) := (vp + vR -v, uR + uR -u)(x/t), (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) where (vR,uR) is the 1-rarefaction wave connecting (t>_,u_) with (v,u), and (vR,uR) is the 2-rarefaction wave connecting (v,u) with (f+,u+).
In [8] the authors showed that a unique solution (v, u) of (1.11) behaves as (vRuR)(x/t) in (1.13) provided that 1<7<2.
(1.14)
Our result here is that the same theorem as in [8] holds even for any 7 > 1. The proof of Theorem 1.2 is almost the same as in the previous work [7] , but more delicate estimates are necessary to remove (1.14), which will be given in the same way as the estimates in the proof of Theorem 1.1. Especially, see Step 3 in Sec. 4. Therefore, in the sections below we devote ourselves to the initial-boundary value problem and so the proof of Theorem 1.1. Our plan of this paper is as follows. In the next two sections we construct a smooth rarefaction wave (V,U)(t,x) of (VR,UR)(x/t) = {vR,ug)(x/t)\ x>0, and reformulate our problem to that of the perturbation (<p,xp) from (V,U)(t,x), for which the L2-energy method will be employed. In the last section we establish the a priori estimates.
Smooth rarefaction
wave. Similar to [7] , [8] we start with the Riemann problem on R = (-00,00) for the typical Burgers equation:
wR + wRwR = 0, (t, x) e R+ x R, fl/n ^ x<0'
I W+ x > 0 u; (0,:c) = wR(x) = with W-< W-(_. The weak solution of (2.1) with the entropy condition is a rarefaction wave wR[x/t) connecting ui-with w+:
wR(x/t) = < x/t W-t < x < w+t, (2-2) w+ w+t < x. <
In our problem the smooth rarefaction wave that is approximate to wR(x/t) is given by a unique solution of
[wt+ wwx = 0, |w(0,:r) = w0(x) := w + w ■ nq f^x( 1 + y2)~q dy, where w = (w+ + u)-)/2,w = (w+ -w~)/2, e > 0 is a small constant to be determined later, and Kq is a constant satisfying Kq {l+y2)~q dy = 1 for a large constant q (> 3/2) also to be determined later.
We state the properties of w of (2.3) when w+ > w_ > 0, since the forward rarefaction wave will be considered in our initial-boundary value problem.
Lemma 2.1. Let w+ > w_ > 0. Then, the unique, smooth and time-global solution w(t, x) satisfies the following properties:
(ii) For any p (1 < p < oo) there exists a constant Cp,9 such that lkx(£,')llip < CPtqmm(£l~1/pw,w1/pt~1+1/p),
(iii) For a positive constant Cq and any x < 0, 0 < w(t, x) -w_ < Cq( 1 + (ex)2)~q/3(l + (ew-t)2)~q/3, 0 < wx(t,x) < Cqsw( 1 + (ex)2)~qt2(\ + {ew-t)2)~ql2.
(iv) limt-,00 supR |w(t, x) -wR{x/t)\ = 0.
For the proof see Matsumura and Nishihara [7, 8] .
For the positive eigenvalue \2{v) = \/-p'(v) and the constant states (v±,u±) with
together with \2{v±) = w±, along the standard way of the construction of a 2-rarefaction wave:
Moreover, the properties of w shift to those of (V, U).
Lemma 2.2. Let £ = |u+ -v-\ + |tt+ -u_|. Then (V,U) satisfies the following:
(i) Vt = Ux> 0.
(ii) For some positive constant C, \VX\ < CVU Vt < Ce6.
(iii) For any p (1 < p < oo) there exists a constant Cp,? such that I\(Vx,Ux)(t, OIIlp < CPtq min(fe1"1^, ^(l + *)"1+1/p),
Especially, when p > 1 \\(Vxx,Uxx)(t, OlltP dt < CnS-to-Wtol (2.6) (iv) For a positive constant Cq and any x < 0
We now set (V,U)(t,x) := (V,U)(t,x\£,q,t0) = (V,U){t+ t0,x)\x>0 (2.7)
as a smooth approximation to (V^, U^) in (1.8), where the small parameter e > 0 and large ones q (> 3/2), to > 0 will be determined later. The property (2.6) is important to obtain the global result. In [9] the choice of wo(:r) in (2.3) eliminates the boundary-layer, but no property such as (2.6) detains the result weaker. Instead, we have the boundary-layer such as (iv) in Lemma 2.2, for which much more delicate estimates of not only the nonlinear terms but also the values from the boundary are necessary. It suffices to establish the a priori estimates for a sufficiently smooth solution (<p,ijj)(t,x) € X(0,T), because the arguments on the molifier can be applied. Note that it is important to obtain (3.10). In a series of several steps we show (3.10), which will be done in Step 5, and so (3.11).
Step 1. Multiplying (3.1)2 (second equation of (3.1) H-lto'-T-l)/(7-l), 7 > 1-
Step 2. We rewrite + J* [(P(V + <f>) -p{V))r/> --A) + Vt (l -~)) v}
The key point is to estimate the last two terms in (4.7).
dr. , and (4.13) except for the last term in (4.13) are absorbed into the left-hand side of (4.7). The last term in (4.13) will be estimated by the Gronwall inequality.
Remark. These estimates are still available for the Cauchy problem, so that these improve the result in [8] restricted to 1 < 7 < 2 to Theorem 1.2. The details will be omitted.
Step 4 Here, remember that ip(t, 0) and 0) are depending on t0 and tend to 0 as t0 -> oo, and are integrable in t for large q, by virtue of (3.3) and (3.4).
Thus, combining (4.7), (4.13), (4.14), (4.19), and (4.20) in Steps 2-4 and using the Gronwall inequality, we obtain the following lemma. The value from the boundary after integration of (4.26) in x is estimated as \tptipx(t,0)\ < v\\ipxx(t)\\2 + C(||^x(i)||2 + \ipt(t, 0)|2).
In the final terms, for example, by 
